We consider various ways of treating the infrared divergence which appears in the dynamically generated fermion mass, when the transverse part of the photon propagator in N flavour QED 3 at finite temperature is included in the Matsubara formalism. This divergence is likely to be an artifact of taking into account only the leading order term in the 1 N expansion when we calculate the photon propagator and is handled here phenomenologically by means of an infrared cutoff. Inserting both the longitudinal and the transverse part of the photon propagator in the Schwinger-Dyson equation we find the dependence of the dynamically generated fermion mass on the temperature and the cutoff parameters. It turns out that consistency with certain statistical physics arguments imposes conditions on the cutoff parameters. For parameters in the allowed range of values we find that the ratio r = 2 * M ass(T = 0)/critical temperature is approximately 6, consistently with previous calculations which neglected the transverse photon contribution.
1 N expansion when we calculate the photon propagator and is handled here phenomenologically by means of an infrared cutoff. Inserting both the longitudinal and the transverse part of the photon propagator in the Schwinger-Dyson equation we find the dependence of the dynamically generated fermion mass on the temperature and the cutoff parameters. It turns out that consistency with certain statistical physics arguments imposes conditions on the cutoff parameters. For parameters in the allowed range of values we find that the ratio r = 2 * M ass(T = 0)/critical temperature is approximately 6, consistently with previous calculations which neglected the transverse photon contribution.
1.Introduction
The study of Quantum Electrodynamics in (2+1) dimensions is of considerable interest for two main reasons. First, it has possible relevance to long-wave length models of 2-D condensed matter systems, particularly those which might apply to high-T c superconductors [14] , [15] . Secondly QED 3 may give insight into the phenomenon of dynamical symmetry breaking in theories such as QCD 4 . At zero temperature, a considerable quantity of work has been done [1] - [8] , and has been extended to finite temperature more recently [9] - [14] . Our interest here is to carry forward the finite temperature calculations by improving upon the approximations made, as described below. In particular, we shall attempt to include the transverse photon modes, which have so far been neglected in all the calculations done using the Matsubara formalism.
At finite temperature, there are two significant parameters T c and r which need to be calculated.T c is the temperature above which chiral symmetry is restored, and at which there is phase transition from a superconducting phase to a normal phase, in the model disscused in [14] . r is defined as the ratio of twice the zero temperature fermion mass to the critical temperature, T c . In Dorey and Mavromatos [9] a calculation was done using the Schwinger-Dyson equations at finite temperature, using the Matsubara formalism. In this calculation the dynamically generated fermion mass Σ, was taken to be constant, and only the ∆ 00 component of the photon propagator was retained using the instantaneous approximation -in which all frequency dependence in the photon propagator is neglected. Using these approximations the authors found r ≃ 10, this being much higher than the standard B.C.S value of r ≃ 3.5. In Aitchison et al [10] , the constant mass approximation was relaxed, and instead a momentum dependent solution Σ(T, p) was calculated. However once again ∆ 00 in the instantaneous approximation was retained, and it was found that r ≃ 10. Even when wavefunction renormalization was introduced in [11] , while still retaining the instantaneous approximation, the value of r was found to be roughly the same; therefore r was found to be insensitive to both these refinements in the calculation.
One obvious problem with the instantaneous approximation in the Matsubara formalism is that it cannot reproduce the well studied zero-temperature limit. This is because as T → 0, all frequency components are to be included; but the instantaneous approximation retains only the n = 0 component of the photon propagator, so the solution cannot join continuously on to the T = 0 solution. A second problem (indicated here for the first time) may be that the instantaneous approximation cannot reproduce the requirement that dΣ dT → 0 as T → 0; we shall show in Section 5 that this requirement must be true of physical solutions, if the thermodynamic arguments of that section hold.
The first study of retardation effects in the S-D equation in QED2 + 1 at finite temperature [12] , was attempted in the real time formalism. This has the advantage that there is no discrete sum over frequency components, so that the zero temperature result could be recovered straightforwardly. This calculation, however, used an approximate form for the photon propagator, which did not treat correctly the non-analytic structure near the origin. Therefore, some doubt remains as regards the reliability of the results. Subsequently, a convenient approximate form for the full-photon propagator (to leading order in 1/N) was found in the Matsubara formalism [13] ,having the correct behaviour for small 3-momentum, and the S-D equation for the fermion mass was solved in [13] , with this retarded propagator.In [13] both the constant mass approximation, and a second approximation where the mass was taken to be frequency dependent, were investigated. In both [12] and [13] the same behaviour was seen; in both calculations for the retarded case, r was found to be around 5 − 6, which is a sizeable reduction as compared to the value calculated in the instantaneous approximation. The agreement between [12] and [13] ,which use quite different formalisms and approximations,is reassuring.
What all these calculations failed to take into account, with the notable exception of the real time calculation [12] , was the transverse part of the photon propagator. This is because in the Matsubara formalism there is an i-r divergence present in the transverse contribution to the gap equation (in the real time formalism [12] the i-r divergence is not present, due to the fact that p 0 is a continuous variable, and phase space integrals remain three-dimensional). This i-r divergence leads to a divergence in the fermion mass for T = 0 (as seen in Section 2), and we must therefore find some way of dealing with it if we are to include the contribution to the transverse part of the photon propagator at T = 0, in the Matsubara formalism.
On might at first think that the trouble has arisen because the photon vacuum polarization has been calculated with a massless fermion in the loop, instead of the (self-consistently generated) mass Σ. But including Σ in the loop calculation does not help, as we show in Appendix A. We are therefore forced to consider the introduction of some form of i-r cutoff if we want to proceed at all. We shall consider two types of cutoff: the first is on the momentum integral of the S-D equation, which we place at |k| = ǫk B T ; the second is a "mass cutoff", in which we give the zeroth mode of the transverse photon contribution a squared mass of the form δ ln 2k B T . The purpose of this paper then, is to investigate how the fermion mass Σ depends on the two types of cutoff and to attempt to extract sensible physical conclusions from these calculations.
In Section 2 we formulate the gap equation for Σ. In Section 3 we consider what we call "extreme" solutions, in which the i-r cutoffs ǫ and δ are taken to be so small that the i-r divergence is the dominant effect. In Section 4 we present numerical solutions for a range of values of ǫ and δ. We find that there are two classes of solution: those at "large" ǫ and δ for which dΣ dT ≤ 0 for all T , and those at "small" ǫ and δ for which dΣ dT > 0 at small T . In Section 5 we shall argue that the latter class is unphysical, by considering the entropy of a dilute gas of fermions with mass Σ(T ). Accepting this argument, it follows that there exists critical values ǫ c and δ c below which the solutions are unphysical, in the sense of dΣ dT > 0 for small T . These critical values are obtained in Section 6 by finding a simple analytical form for the numerically calculated Σ(T, ǫ or δ), which may itself be useful in other contexts. Some final comments are made in Section 7.
2.The Schwinger-Dyson equation for Σ
For massless QED 3 with N flavours we have the usual Lagrangian
where a µ is the vector potential and i = 1, 2....N. As before [13] , we have chosen a reducible representation for the Dirac algebra,and (1) then has continuous chiral symmetry as discussed in [2] . The full Schwinger-Dyson equation for the fermion propagator at non-zero temperature k B T = 1/β takes the form (in the Matsubara formalism)
In equation (2) we use the subscript f to denote fermionic momenta, with k f = (k 0f , k); the zeroth component takes the form k 0f = 2π(m + 1/2)/β, where m is integer. To denote bosonic momenta we shall use the subscript b, with p b = (p 0b , p); the zeroth component is of the form p 0b = 2πm/β, where again m is integer.All other notation in (2) is standard. By working to leading order in 1/N,we may replace Γ ν by its bare value eγ ν ,and approximate ∆ µν by the simple fermion loop (vacuum polarisation) contribution.In Appendix A we give expressions for the corresponding photon self-energy Π Σ µν calculated for non-zero fermion mass. The main purpose of this calculation was to see if the inclusion of the finite fermion mass removed an infrared singularity in the gap equation (see (5) below), by softening the behaviour of the self-energy at small momenta. We find, however ,that this does not happen. For simplicity,therefore,we shall from now on continue to make what has always been the standard approximation, by taking the Σ = 0 value of Π Σ µν ,denoted by Π µν . For this we shall employ an approximate form which was derived in [13] , and leads to
for p 0b = 0 , where
Here A µν and B µν are longitudinal and transverse projection operators, defined in Appendix A. As was noted in [13] , when β|p| → 0, Π
f is a constant which is found to be π 128 ln 2 in our approximation of the photon propagator; this differs by a factor of 3/4 from the |p| → 0 behaviour for the exact result (see appendix A, equations (A.13), (A.14), (A.11) with Σ = 0, p 0b = 0). For Π On taking the trace of equation (2) and neglecting wavefunction renormalisation as before [9] , [13] we get the following mass-gap equation for Σ
, for q 0b = 0
, for q 0b = 0 (6) and α = Ne 2 . As in [13] we shall make the approximation that Σ is frequency as well as momentum independent. Using this approximation we are able to remove a factor of Σ from each side of (5); we can also remove all the p-dependence in ∆ µµ (6) . We now do the angular integration, which is very easily done, due to the fact that ∆ µµ no longer has any p-dependence. On rearrangement this gives
S T (a, s) is the contribution from the transverse part and takes the form:
where x = |k|β,a = αβ and S = Σ/α.S L is the longitudinal contribution to (7) and is exactly the same as S T in (8), except for Π We now note that the low |k| behaviour of Π
It follows that there is an infra-red singularity in (8) , which is absent in the case of S L due to the presence of the plasmon mass in Π 0 3 . We note again that using the finite fermion mass self energy, Π Σ µν (Appendix A),instead of the zero mass quantity Π µν , would not cure this divergence. We are left with one other alternative at leading order in 1/N: to impose an infrared cutoff. We may view this cut-off as a phenomenological way of taking into account terms beyond leading order in 1/N, since it seems likely that the i-r divergence would be removed if the full (all orders in 1/N) zero-frequency contribution could be calculated.
We shall look at two types of cutoff. In the first, which we shall call the integral cutoff, we replace the lower limit of the |k|-integral in (5) by ǫk B T , ǫ being an arbitrary constant. On rearrangement of the terms leading to (7) and (8) , this cutoff becomes the lower limit of the x-integral, ǫ. The idea behind choosing such a cutoff is that at T = 0, we have no i-r divergence in (7), and we shall want our T = 0 solution to join smoothly on to our T = 0 solutions, when we consider the contribution from all the modes in S L and S T . The form ǫk B T is the simplest cutoff on the |k| integral which ensures this, for as T → 0 the cutoff on the |k|-integral tends smoothly to zero.
In the second type of cutoff, we shall add an extra plasmon-like term δαln2/β to Π 0 1 , , where again δ is an arbitrary constant; we call this proceedure the mass cutoff. Again at T = 0 this will vanish leaving a smooth T → 0 limit.
We are able to evaluate analytically all the x-integrals for the m = 0 modes of (7). In our evaluation of the x-integrals in the sums, we use an approximation: we neglect ǫ in the integrals of all the modes except the m = 0 mode in S T and S L . This approximation is only valid for ǫ < 2π, and only works after the |k|-integral has been rescaled to an x-integral. If ǫ were of the same order of magnitude or greater that 2π, we would have to include it in our evaluation of some of the integrals for the m = 0 modes.
Using this further approximation gives us the following expression in the integral cutoff case:
For the mass cutoff our equation is similar but with the zeroth mode contribution in (9) being replaced by:
Although we have argued that terms of higher order in 1/N would regulate the i-r divergence, we have no way of telling whether the mass or integral cutoff is the best way of approximating such terms (although we shall see later that of these two cutoffs , if QED2 + 1 is to be a model of superconductivity, then the integral cutoff is preferred), or what values of ǫ or δ give the best approximation, without explicitly calculating these terms. We can however start by considering the limiting case of very small ǫ or δ, where we can make some progress analytically. We shall find in Section 3 what appear to be clearly unphysical features of the solution, thus confirming that the divergence is physically serious, and suggesting that ǫ (or δ ) cannot be too small for consistent physical results. This will lead us to a numerical exploration of the solutions for various ǫ(δ) in Section 4. We shall find that for ǫ(δ) less than a certain critical value ǫ c (δ c ) the quantity dΣ dT ≥ 0 as T → 0,which is physically undesirable, as we shall explain by a thermodynamic argument in Section 5. Requiring dΣ dT ≤ 0 for all T therefore imposes a constraint on the possible smallness of ǫ(δ), and hence (on our interpretation) of the higher order contribution in 1/N. We shall also consider how sensitive the ratio r =
is to varations of ǫ(δ) in the allowed regions ǫ > ǫ c , δ > δ c .
3.The extreme solutions of Σ
In this section we shall be interested in the behaviour of Σ for very small δ and ǫ, for which we can see exactly what behaviour the i-r divergence induces in Σ.
To find the solution of (9) at extremely small ǫ(δ), we need only retain the zeroth transverse mode; at extremely small ǫ(δ) this dominates (9) (at large enough T k B /α), so that all other terms may be neglected. We are therefore left with an equation-in the case of an integral cutoff-of the form 1 = a 2πN
Now we know that for small x, Π 0 1 (x)β 2 goes as af x 2 . Since we are interested only in the singular contribution when ǫ → 0, we may impose a u-v cutoff. The purpose of Λ is merely to simplify the analysis: below Λ we shall, to a good approximation, be able to replace Π 0 1 with af x 2 ; above Λ, we shall be able to neglect contributions from the various momenta, due to the fact that for extremely small ǫ (and δ), momenta above Λ contribute very little to (12) . By replacing ∞ by Λ in (12) we are able to write it as:
Now the integral in (13) can be easily evaluated, leaving us with the following equation for s:
We are considering the regime ln
, for which we can neglect the second term of (14); this is because as a function of s for s real , ln and below by 0. This leaves us with the following equation
6 its solution being
where h = ln
Later we shall comment on this solution, but first we turn our attention to the mass cutoff case. Here the dominant contribution to the gap equation (see (19) , (11)) gives us the equation
where again we have imposed the u-v cutoff Λ. By neglecting all terms which are not singular when δ → 0 we get
Now if δ ≪ Λ 2 f 2 and δ ≪ π 2 , which will certainly be the case for extremely small δ, we can solve (18) and obtain the following solution:
Now one must remember that f = π 128ln2 for Π 1 0 , so for most of T /α where Σ(T ) = 0 we have T /α ≫ f in the cases we are dealing with. This means we can neglect f α from the logarithm in (19) for most of T /α. So we are able to rewrite (19) as
where
We can see that (20) is very similar to (16), the only difference being a slowly varying ln T α term which does little to affect the shape of the solution with respect to T (see fig.1a and fig.1b ), or the value of the critical temperature,T c ≃ αh 2πN
. We can therefore conclude that for very small cutoff, and provided it vanishes at T = 0, the choice of cutoff type has little effect on the solution. In both cases the i-r divergence is present in Σ(T ) and T c as h → ∞.
One can see that for these solutions, Σ vanishes at T = 0. This is due to our having retained only the zeroth transverse mode: a finite value of Σ at T = 0 would be obtained if we included the other modes (which are not i-r divergent). The real pathology of (16) or (20) (apart from the infinity in the limit as ǫ or δ → 0) is that these solutions for Σ increase as T moves away from zero. This seems intuitively unnatural; the mass is analogous to an order parameter, and we do not expect this to increase in magnitude as the temperature rises. In the following section we shall give a thermodynamic argument to support the idea that ǫ and δ should in fact be chosen to ensure that dΣ dT ≤ 0 as T → 0. We shall see that this can indeed be done, provided that they are greater than some critical value.
Before proceeding, we add one further comment. The attentive reader might object to our previous remark about the mass being analogous to an order parameter, on the grounds that the Coleman-Mermin-Wagner theorem [16] forbids any non-zero order parameter at finite T for a system in two spatial dimensions. In fact, it is true that infrared fluctuations will occur in the phase of the complex order parameter <ΨΨ > , effectively reducing it to zero. Nevertheless, a Dirac mass can still be correctly calculated by standard methods, as shown by Witten [17] . This is also the reason for rejecting the trivial solution: Σ = 0 for all T except T = 0.Such a solution would of course be one response to the i-r singularity present in the solutions to (9) and (11), but it would rule out the model as having anything to do with high-T c superconductivity.
4.Numerical results
In this section we shall solve numerically equation (9) at N = 1 for various values of δ and ǫ. We shall see that above specific values δ and ǫ, δ c and ǫ c respectively, dΣ dT becomes negative for small T /α. As we have stated in the previous section, we believe our results to be unphysical below δ c and ǫ c ; in the next section we shall support this view by a simple thermodynamic argument. We believe that the behaviour of Σ as a function of T is insensitive to small variations of N ( [13] , [11] ) The larger the N, the smaller the T c and the more difficult it is to see the numerical solutions.
In our numerical evaluation of (9), we must consider the T = 0 case as well as that of T = 0. To solve for s(T = 0) we use an equation which was derived in [13] for the zero temperature case of (7), retaining only the longitudinal part:
Before using this equation, we need to replace N by N/2. This is because (21) was only derived for the longitudinal part of (2) . Since at T = 0 both transverse and longitudinal contributions are identical, see (3), we need only double the longitudinal contribution.
We evaluate (21) numerically giving us a value of s(T = 0) = Σ(T =0) α = 0.0578; note that this result and equation (21) itself are cutoff independent, due to the fact that both cutoffs go to zero at T = 0, where there is no i-r divergence. Before we look at solving (9) for the T = 0 case, we should note that there is one more property of (21) which is important to consider. By looking at (21) we are able to deduce that lim T −>0 Q 0 (a) = ∞, where Q 0 (a) = Q(a, s = 0). As we see from Appendix B, for all N there must exist a T c = 0 using the fact Q 0 → 0 as T → ∞; for the condition for T c , Q 0 = 2πN must occur (at finite N) at T = 0.
To solve (9) numerically at T = 0 for both δ and ǫ dependence, we choose a value of δ or ǫ and seek to determine 1/a c ≡ Tck B α
. To do this we know from Appendix B that Q 0 (a c ) = 2π at N = 1. Therefore we start by varying Q 0 as a function of a until the condition Q 0 = 2π is 8 satisfied, the value of a at that point being a c . Once we have determined a c , we start looking at values of a > a c for which Q 0 > 2π.(For Q 0 < 2π we know from Appendix B that Σ = 0 ). At each value of a we consider, we vary Q(a, s) as a function of s until (9) is satisfied, namely such that Q(a, s) = 2π for N=1. Using each value of s = Σ/α we evaluate for a given a, as well as for the T = 0 solution, we can construct full temperature dependent solutions of (9) for a particular value of ǫ or δ.
The first set of numerical solutions are those for the integral cutoff method, as shown in fig.2 . For each of these solutions we give a value of
, and we calculate the ratio, r = 2Σ(T =0 fig.1 ).
The second set of numerical solutions are those using a mass cutoff, and are shown in fig.3 . We give values of r and k B T c for each solution of a specific δ in table 2. It is important to notice that again there is a transition: below a certain value of δ we see that dΣ dT is positive for small T /α. A positive gradient case is shown for δ = 0.05 . Again we notice that the r-values fall with decreasing r, consistent with the extremely small δ solution of the previous section. One should notice that for the mass cutoff, if we look only at r values for solutions which do not have a positive gradient, we see that r changes slowly, namely by a factor of order 0.7 over an order of magnitude in δ (δ ranging from 2 to 0.25). We see that r = 6.2 for the value of δ = 0.5, which is very close to the value of r given in [13] of 6.17. This is because δ is at a value close to the corresponding longitudinal plasmon mass of 2 ln 2 π a, so making the transverse contribution roughly the same as the longitudinal, as in [12] .
5.
A thermodynamic argument for ruling out δ < δ c and ǫ < ǫ c solutions
We now look for a simple thermodynamic argument to rule out solutions with positive gradient at small T /α. To do this we look at a gas of fermions, which we take to be dilute, so that we may ignore any interaction term. Also because the gas is dilute the chemical potential is negligible and may be discarded. In this gas of dilute fermions we shall consider a temperature dependent mass. The partition function takes the usual form for a non-interacting gas of fermions (with µ = 0), except that now ω = (p 2 + Σ 2 ) 1/2 is temperature dependent:
where V is the volume of the system, and N is the number of flavours. We shall be interested in calculating the entropy of this gas. To do this it is convenient to divide ln Z into two contributions, ln Z = ln Z G + ln Z E , where ln Z G is the contribution from the ground state, and ln Z E is the contribution from the excited states. We first consider the ground state contribution. We calculate the frequency integral imposing a u-v frequency cutoff , Λ G , since the integral in ln Z G is u-v divergent. We are then able to evaluate the integral, giving
Λ 3 G should be thought as an (infinite) constant arising from the zero-point energy contribution at T = 0; since it is constant it will not affect the entropy.We know that the entropy is related to the partition function by S = ∂T ln Z ∂T
. (In these calculations we shall set k B = 1). From this we find that the entropy of the ground state takes the form:
We now look at the contribution arising from excited fermion states. To do the integral analytically we expand out the logarithm in (22) for βΣ(T ) > 1 retaining only the first term. This is allowable, for we shall only be interested in the case where T /α is small and Σ(T = 0)/α = 0. This gives us the following form for the ln Z E term:
From (25) we are able to show that the corresponding entropy, S E ,at small T /α is given by
For very large Σ/T we notice that (26) is suppressed by a factor of exp(−Σ/T ), so at large Σ(T )/T this contributes little to the entropy of the system. It is S G which is the dominant factor. By looking at (24) this leads us to the conclusion (although our model may be an over simplication of a real physical sytem in QED2 + 1) that positive dΣ dT at small T /α leads to negative entropy, which is clearly unphysical. The consequence of this is that there is a boundary between physical and non-physical solutions in the parameter spaces of the two types of solution. From this we may conclude that the contribution from higher orders in 1/N, if indeed it regulates the i-r divergence, must be above a certain magnitude.
There is one point that needs to be addressed before we finish this section. If dΣ dT = 0 at T = 0, (24) implies that S = 0 at T = 0, which is unphysical: when T → 0 the 3rd law states that S → 0. From our numerical data we stongly suspect that for all values of δ and ǫ (except δ = 0, ǫ = 0) dΣ dT = 0 at T=0 when all modes are considered. Although we have been unable to prove this, we are able to present an argument showing that
is independent of ǫ and δ in Appendix B , so that
is the same in all cases (except when ǫ(δ) = 0 ). We show in fig.4 what we think happens as T → 0, where the gradient of all the curves goes to zero as T → 0 in accordance with the 3rd law. Although this behaviour is likely to be true for very small T /α, dΣ dT is significantly positive at small enough T /α for ǫ < ǫ c and δ < δ c , so that ǫ c and δ c are good estimates of the boundary between physical and non-physical regions; the contribution from (26) is very small when compared to (24) in the region where we see positive dΣ dT .
6.An approximate form for Σ and estimates of δ c and ǫ c In this section we obtain an analytic representation of Σ as a function of T and ǫ(δ). This will give us a simple way of estimating ǫ c and δ c , and it may also be useful in applications to phenomenology, for example to a calculation of the temperature dependence of the Meissner effect (although we shall see later that a mass cutoff is not reconcilable with the U(1) × U(1) model of superconductivity, [14] ). By looking at our numerical solutions ( fig.2 and fig.3 ) we see that Σ as a function of T looks very much like the section of an ellipse, centered about some value T 0 ,in the quadrant Σ > 0 and T > 0. Such an ellipse takes the form (see fig.5a ,5b)
in terms of the two parameters T 0 and T ′ c ,and where m(T ) =
Σ(T ) Σ(T =0)
. In fitting (27) to the numerical data, we have found that it is better to use both T 0 and T ′ c to fit Σ(T ), instead of fixing the value of T ′ c at the calculated T c for a particular ǫ or δ, and varying only T 0 . To indicate the accuracy of the fit we show in fig.6a and fig.6b both the approximation and the numerical data for one chosen value of ǫ and one of δ. By fitting both T 0 and T ′ c we are able to build up graphs of T 0 for both cutoffs (see fig7.a and fig7.b). By using the simple condition that T 0 ≤ 0 implies dΣ dT ≤ 0, we are able to estimate ǫ c and δ c ; we find ǫ c ∼ 2 and δ c ∼ 0.2.
7.Discussion
Although in QED2 + 1 both types of cutoff lead to roughly the same behaviour for the mass gap, as a function of T , the mass cutoff is ruled out if applied to the U(1) × U(1) model of high-T c superconductivity [14] . The problem is that the transverse part of ∆ µν (the statistical gauge field propagator) in this model must be massless. If ∆ µν has a transverse mass, it no longer generates (via an analogue of the Higgs mechanism) a transverse mass in D µν , the electromagnetic propagator, and there is therefore no Meissner effect. This also suggests that i-r regularizing contributions from beyond leading order in 1/N may come from the vertex function in (2), if QED2 + 1 is indeed a model of high-T c superconductivity.
Although we found (Appendix A) that the transverse contribution to the photon propagator still behaves at p 0b = 0 for small |p| as 1/p 2 , even if massive fermions are used in the vacuum polarisation, our expressions for Π Σ µν remain useful. It will be interesting to see what effect a photon propagator involving Π Σ µν (instead of Π µν ) has on the calculation of a 3-momentum independent mass, Σ. By looking at (A.21), we see that as βΣ → ∞, the plasmon mass tends to zero in the longitudinal part of the photon propagator at p 0b = 0. It may be that instead of monotonically decreasing with βΣ, at large enough βΣ, the contribution from the zeroth longitudinal mode to the gap equation might be enhanced. If this behaviour is present in the zeroth longitudinal mode, it might cause (9) to favour smaller values of Σ than would be expected if (as in the case of Π µν ) the zeroth mode plasmon mass contribution was independent of Σ.
It might also be interesting in the context of the infrared problem, to look at the effects of the wavefunction renormalization given in [11] , where M, the physical mass, is related to Σ by
We note that the integrand in the equation for A(p f ) has a pole at q b = p f − k f = 0, where k f is the loop momentum (see equation (6) of [11] ). We strongly suspect that this will lead effectively to an infrared divergence, which will then dominate the equation for A(p f ) for very small cutoff. For the case of a 3-momentum independent M, one should be able to derive an expression relating A(p f ) to M. From this one could see what effect A(p f ) has on M for small cutoffs, the hope being that M may be finite for T = 0 without a cutoff. One should note, however, that we may have to enforce the Ward-indentities at finite temperature, which the wavefunction renormalization approach in [11] does not do, in order to regulate the i-r divergence.
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Appendix A-Calculation of the polarization tensor with a fermion mass to leading order in 1/N In [13] it was found, for the polarization tensor Π µν calculated for massless fermions, that there was an i-r divergence in the Schwinger-Dyson equation for the fermion mass (see Section.2). This i-r divergence comes from the zeroth frequency part of the photon propagator, which goes like 1/p 2 for small momenta at T = 0. In this appendix we shall calculate the polarization tensor Π Σ µν with fermion propagators of mass Σ; we use the superscript Σ to distinguish this polarization tensor from that in the massless case. Again this calculation is to be done at finite T and in the Matsubara formalism using the notation of Section 2 and [13] . It is precisely the low-|p| behaviour of the resultant photon propagator, ∆ Σ µν at p 0b = 0, that we shall be interested in; we want to see if the i-r divergence is regulated by the replacement of the massless fermion propagators with massive fermion propagators in our calculation of Π Σ µν .
To calculate Π Σ µν to leading order in 1/N, we need only consider the contribution from the diagram shown in fig.A1 . From fig.A1 we deduce that the polarization tensor takes the following form
In our calculation of Π Σ µν , we take Σ to be constant with respect to 3-momentum. If Σ was to vary with respect to frequency or momentum, we would at this point need to insert a variational ansatz, and solve integral equations for the variational parameters derived from the Schwinger-Dyson equation for the mass, Σ; or we would have to treat (A.1) as a separate integral equation. By use of Feynman paramatization and other manipulations we arrive at the following expression for Π Σ µν :
where l is the shifted 3-momentum, related to k f by l = k f + xp b . For our purposes we need only consider Π Σ ij and Π Σ 00 .
At this point, however, before proceeding any further there are some immediate points that need to be raised. The first is that if we were to take the limit T → 0 of (A.2) the first two terms would cancel after regularization .This is because the first two terms have the same tensor structure, namely both are proportional to δ µν , and using dimensional regularization one is able to show that these two terms are equal in magnitude and opposite in sign. But now consider the case when T = 0: in this case we have a sum over k 0f components in l 0 instead of an l 0 -integral, and so there is a preferred direction in 3-momentum space. The upshot of this is that the dimension of the l-integrations is effectively reduced, and the first term is no longer proportional to δ µν .
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In the case of Π Σ ij the first two terms in (A.2) do cancel at T = 0,due to the l-integrals having the same form as those for T = 0, although now two dimensional instead of three dimensional. For the Π Σ 00 terms the situation is slightly trickier, for the first term of (A.2) instead of having l i l j as a factor has l 2 0 . It is this term in Π Σ 00 which causes the first term to be no longer proportional to δ µν , and this means that for Π Σ 00 the first two terms in (A2) no longer cancel .
At this point we should ask ourselves the question: is there any constant, leading order term when we set p b = 0? If we look at Π Σ ij , the answer is no, for when we set p b = 0 only the first two terms survive, which cancel. For Π Σ 00 , the answer is yes, for although only the first two terms survive, they do not cancel. This is precisely why, as we shall see in our calculation of Π Σ µν , there is a plasmon mass only in the longitudinal part of the photon propagator at p 0b = 0,p = 0. Exactly the same argument holds for Π µν , the massless case. Although this is true, we are still interested to see what is the actual low-|p| behaviour the p 0b = 0 part of the photon propagator .
On continuing our analysis we write both Π Σ 00 and Π Σ ij as:
and
From (A.5) one can easily deduce the following relationships.
and S * Σ
where y 2 = l 2 + Σ 2 + x(1 − x)p 2 and ω = π(2mx + 1). Using (A6) and (A7) we are able to express Π Σ 00 and Π Σ ij :
We can evaluate the sum S Σ 1 by the usual complex integation, so obtaining the result
Using (A.8),(A.9) and (A.10), as well as regularizing the integrals so that u-v singularities cancel, one is able to evaluate the |l|-integral.This gives us final expressions for Π Σ 00 andΠ
We now look to see if these expressions (A.11),(A.12),(A.13) and (A.14) give the correct limits. We can easily show that lim Σ→0 Π Σ ij = Π ij and lim Σ→0 Π Σ 00 = Π 00 , where Π ij and Π 00 , the results for the massless calculation, are given in [13] and [14] . When Σ → ∞ we require that Π Σ ij → 0 and Π Σ 00 → 0; by looking at (A.1), we can see this requirement must be true. Also to be consistent with the results at zero temperature [12] these terms must vanish in the Σ → ∞ limit (although this does not rule out the presence of a term independent of Σ and proportional to α/β which vanishes in this limit). For βΣ ≫ βp b and βΣ ≫ 1 we have the following:
From these expressions (A.15) it is easy to show that Π Σ 00 and Π Σ ij have the correct Σ → ∞ limit.
We now need to deduce the low |p|-behaviour for the photon propagator. In the Landau gauge we know that the photon propagator must take the form:
where A µν and B µν , the longitudinal and transverse projection operators, are given by .17) and by the following formulae (for further discussion see [13] or [14] ):
Using (A.19) we can deduce the zero frequency forms of Π 
Note that unlike (A.15), we have not taken βΣ ≫ 1, but rather βΣ ≫ β|p| at p 0b = 0; this gives us factors of tanh βΣ and ln(2 cosh βΣ/2). From (A.21) one can plainly see that ∆ Σ µν goes as 1/p 2 in the transverse part for small |p|. This is exactly the same behaviour as ∆ µν , calculated with massless fermion propagators; therefore the inclusion of the finite fermion mass in the vacuum polarisation does not remove the i-r divergence in the gap equation.
Appendix B-Analytic properties of the solution to the gap equation
In this appendix we are interested in those properties of the solution Σ of (9) which can be found analytically. In the analysis that follows, calculations will be given for the integral cut-off case, but the properties found will be true of the mass cutoff case also. First we shall see that dQ 0 dT < 0 where Q 0 = Q(s = 0, a); using this fact we shall prove that there exists a T c above which Σ = 0; and that no T * c exists, above which the gap again becomes non-zero -see fig. B.1. We shall also be able to show that at T = T c , dΣ dT → −∞. It should be mentioned in passing that all these proofs apply also to the solution for constant Σ, where only the longitudinal part of (9) is retained as in [13] . Lastly we shall argue that
is cutoff independent.
To show dQ 0 dT < 0, instead of using equation (9) (Section.2) it is much easier to go back to (7) and (8) and define Q 0 as:
Now it is important to see that dQ 0 dT < 0 is equivalent to saying
. Differentating Q 0 with respect to a gives us :
since we notice that both β 2 Π 1 0 and βΠ 3 0 are proportional to a. We see that if a > 0, it immediately follows that
We now expand (9) as a Taylor series in a 2 s 2 about the point a 2 s 2 = 0. To first order in a 2 s 2 we generate the equation
by R(a) from now on. By looking at (7) and (8) and the expression for S L we can deduce that
From (B.4) we immediately deduce that R(a) > 0 and does not vanish at any particular value of a; this is a crucial requirement in the analysis which follows. Solving for Σ in (B.3) we get:
To show that dΣ dT → −∞ at T = T c we take the derivative of (B.5) with respect to T giving 2 ) < 2πN for s real and T > T c , which means that no real s satisfies the gap equation for T > T c . The imaginary or complex solutions would lead to unstable particles or tachyons, but above T c we may choose another solution to (2), namely s = 0. From our previous argument it follows that T * c does not exist. This can also be seen from the fact that Q 0 (a) is monotonically decreasing with temperature, so there is only one point, T c , where Q 0 (a) = 2πN.
We now turn our attention to arguing that dΣ dT T =0 is cutoff independent. To do this we shall approximate Π continuous , Λ should be chosen to be 16ln2/π. In this argument we shall be considering ǫ < Λ, although it should be straightforward to extend our analysis to ǫ > Λ (care being taken to include ǫ in other modes for ǫ > 2π). Using these approximations we are able to write the contribution from the full zeroth mode as
(B.9)
The integrals in these expressions can be evaluated analytically leaving us with:
Now since we are interested in the low T behaviour of both F 0 and G 0 , we expand up to second order in (1/a) for both terms, replacing leading order terms in G 0 by I(0, 0.125a, as).
Now by using the following definition for
where Q(∞, s(T )) coincides with the formula in Section.4 if s(0) is replaced by s(T ), so that F C (∞, s) = 0; , we are able to write equation (9) for small T /α , using (B.13) and (B.14), as , at low T /α Table 1  Table 2 Figure 10 for different values of the integral cutoff ǫ . Σ is the dynamically generated mass and T c the critical temperature measured in units . For the allowed region of values ǫ ≥ ǫ c , ǫ c ≃ 2 , r is about 6 in agreement with previous papers ( see [12] ) and Table2: The values of r =
2Σ(T =0)
k B Tc
for different values of the mass cutoff δ . Σ is the dynamically generated mass and T c the critical temperature measured in units
. For the allowed region of values δ ≥ δ c , δ c ≃ 0.2 , r is about 6 in agreement with previous papers ( see [12] ) . 
